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ABSTRACT
We discuss the prospects for enhancing absorption and scattering of light from a weakly coupled
atom in a high-ﬁnesse optical cavity by adding a medium with large, positive group index of
refraction. The slow-light eﬀect is known to narrow the cavity transmission spectrum and increase
the photon lifetime, but the quality factor of the cavity may not be increased in a metrologically
useful sense. Speciﬁcally, detection of the weakly coupled atom through either cavity ringdown
measurements or the Purcell eﬀect fails to improve with the addition of material slow light. A single-
atom model of the dispersive medium helps elucidate why this is the case.
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1. Introduction
The sensitivity of weak optical scattering measurements
can be improved by coupling the atoms or molecules
under test to a high-ﬁnesse optical cavity (1). The con-
ﬁned geometry increases the intensity per photon, and
the recirculation of light increases the eﬀective length of
the medium. For many cavity-based techniques, the de-
tection sensitivity is proportional to the resonator quality
factor, Q, which can be as high as 1011 for an optical
cavity with kilohertz linewidth. Typically one tries to
increase the quality factor either by reducing the losses
or increasing the cavity length. The former strategy is
currently limited by the technical challenge of reducing
scattering losses below the ppm level, while the latter
compromises the inherent advantage of conﬁnement. It
is therefore of interest to explore new methods for aug-
menting traditional cavity-enhanced measurements.
One possibility is to add a dispersive element to the
cavity, in order to inﬂuence the light scattering dynam-
ics. In particular, the technique of electromagnetically
induced transparency (EIT) can be used to generate a
nearly transparent medium with extremely large group
index and correspondingly small group velocity (2). The
presence of slow light in a cavity can narrow the cavity
transmission spectrum (3, 4), and reduce the decay rate
(5). It seems natural then to ask whether the resulting
increase in the Q-factor is metrologically useful. Despite
the apparently straightforward nature of this question,
the answer is not as obvious as it may seem.
CONTACT J. Goldwin j.m.goldwin@bham.ac.uk
‡These authors contributed equally to this work.
Recently a consensus has emerged that not all slow
light media behave the same, leading to a distinction
between structural andmaterial slow light (6, 7). Optical
resonators themselves are an example of structural slow
light media, with all of the advantages mentioned above.
Photonic crystals and ﬁbre Bragg gratings are other ex-
amples. Within structural slow light media, constructive
interference increases the amplitude of the electric ﬁeld,
leading to an enhancement of light-matter interactions.
In contrast, EIT represents material slow light. For such
media, the total energy density increases, but the light
intensity remains the same. In an elegant experiment,
a direct comparison showed that structural slow light
increased Beer-Lambert absorption, but material slow
light did not (8).
Herewe theoretically investigate combining structural
and material slow light in the application of two speciﬁc
types of cavity-enhanced metrology. In cavity ringdown
spectroscopy, a cavity is ﬁlled with a variable density
of gas under test; the cavity is probed with a laser and
weak absorption in the gas increases the decay rate of
the light after abrupt extinction of the probe (1). In the
second method, the gas is excited directly by a probe
laser propagating in a direction transverse to the cavity
axis; light is scattered into the cavity via the Purcell ef-
fect (9), and detected upon transmission. In the absence
of dispersion, the sensitivity of both types of measure-
ment can be characterized by the cooperativity, C =
g2/(κγ ) ∝ Q, where g is the matrix element coupling
the light and atoms, and 2κ and 2γ are the energy decay
© 2017 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.
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rates of the cavity and atomic excited state, respectively.
As we discuss in more detail below, the cavity decay
rate is inversely proportional to the group index (10,
11), implying a potential improvement with slow light.
However the coupling g decreases as the square root of
the group index for material slow light, as can be seen
by considering the energies in the dielectric medium
and the electromagnetic ﬁeld (7 , 12). This suggests the
cooperativity is independent of the group index.We show
that C remains the key parameter for these techniques
in the presence of material slow light, and therefore no
improvement occurs.
The rest of this paper is organized as follows. In
Section 2 we model the slow light medium as a single
atom undergoing EIT inside a high ﬁnesse optical cavity.
The eﬀective group index is calculated, and the eﬀects on
the cavity linewidth and lifetime are discussed. In Section
3 we add a two level atom and consider a cavity ringdown
measurement. We show that slow light fails to increase
the inﬂuence of the atom on the cavity decay rate. In
Section 4 we show that Purcell scattering similarly is not
improved with the addition of slow light. The scattering
rate from the atom is roughly unaﬀected, and the po-
tential beneﬁt of the increased cavity lifetime is negated
by a suppression of the photonic excitation. Finally we
conclude with some remarks on how to realize ourmodel
experimentally.
2. Cavity linewidth and lifetime
Quantum optical theories of dispersive dielectrics have
been investigated at least since the 1940s, with consid-
erable progress made in the early 1990s (13–17). The
development of a rigorous theory of such media runs
into interesting subtleties involving causality and losses,
which are outside the scope of the present work. Instead
we oﬀer a single-atom model based on electromagneti-
cally induced transparency. The advantage of this model
is that simple analytic expressions can be obtained. The
practical realization of the model is discussed in the con-
clusion.
We ﬁrst consider the case with only the slow-light
medium in the cavity. The slow light eﬀect arises from
a single strongly-coupled thee-level atom (3LA), under-
going electromagnetically induced transparency. The en-
ergy levels are in a ladder or  conﬁguration, with states
|G〉, |E〉, and |D〉, in ascending order. The upper state |D〉
is assumed to have a relatively long lifetime, as with high-
lying Rydberg states, to allow the formation of a narrow
transparency feature with large dispersion. The cavity
is tuned so that the empty cavity resonance frequency
matches the free-space electric dipole transition |G〉 ↔
|E〉, and the |E〉 ↔ |D〉 transition is resonantly addressed
by a coupling laser for EIT. Finally, the cavity is probed
by a weak laser assumed to be in a coherent state. In the
rotating wave approximation, and in a frame rotating at
the probe laser frequency, the Hamiltonian is ( = 1),
H = −δ (a†a + σEE + σDD)− iη (a − a†)
− G
(
σGE a† + σ †GE a
)
− 12W
(
σDE + σ †DE
)
. (1)
The operator a annihilates a cavity photon, and the σij =
|i〉〈j| operators act on the atomic states; δ is the probe
detuning, η is the probe amplitude (proportional to the
square root of incident power), G is half the Rabi fre-
quency between the 3LA and a single photon, and W is
the coupling beam Rabi frequency, which controls the
eﬀective group index of the 3LA through the EIT eﬀect.
We have neglected kinetic energy, as appropriate for a
suﬃciently cold trapped atom.
To describe decay due to cavity transmission and
losses, and spontaneous emission from |E〉 and |D〉, we
use the master equation for the density operator (2). We
assume that expectation values of products of atomic and
ﬁeld operators are separable, and the cavity ﬁeld is in
a coherent state with complex amplitude α = 〈a〉. The
equation of motion for the cavity ﬁeld is,
α˙ = η − (κ − iδ) α + iGρEG. (2)
Here κ is the ﬁeld decay rate, and ρEG = 〈σGE〉. As
pointed out for two-level atoms in (18), we can use the
result for ρEG which one would obtain in free space (2),
but with a probe Rabi frequency of 2Gα. To ﬁrst order in
α,
ρEG = Gα δ + i

(W/2)2 − δ2 + γ
 − iδ(γ + 
) , (3)
with γ and 
 equal to half the spontaneous emission rate
from |E〉 → |G〉 and from |D〉 → |E〉, respectively. For
simplicity we assume |D〉 → |G〉 is forbidden.1 Substi-
tuting this expression into Equation (2) and solving for
steady state (α˙ = 0),
α = η
κ − iδ − iGρEG/α . (4)
Note that (ρEG/α) is independent of α, as a consequence
of the assumption of weak probing in the linear regime,
implicit in Equation (3). The spectrum of in-cavity pho-
ton number 〈a†a〉 = |α|2 can now be obtained. An
example is shown in Figure 1(a), for (G,W , κ , γ ) = 2π×
(100, 20, 10, 3) MHz, and η = κ/1000 and 
 = γ /1000.
These parameters satisfy
√
γ
  (W/2)  G, as re-
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quired for negligible absorption and large group index in
the EIT medium (2, 3). The spectrum exhibits a narrow
central transparency window and two relatively broad
side peaks. The latter correspond to the usual normal
modes of a two-level atom in the cavity (18), shifted to
slightly larger detunings by the added dispersion. The
approximation based on Equation (4), which is shown as
the dashed curve, is nearly indistinguishable from the full
numerical solution of the master equation (solid curve)
obtained with the QuTiP software package (19, 20).2
The central transparency feature, highlighted in Fig-
ure 1(b), is the main focus of this work. First we consider
a cavity ringdown (CRD) measurement, where the probe
laser is instantaneously turned oﬀ (η → 0), allowing the
cavity ﬁeld to decay freely. To describe the decay at long
times, we Taylor-expand ρEG to ﬁrst order around δ = 0,
α˙ ≈ η − (κ ′ − iδ′) α, (5)
which takes the same form as an empty cavity, with
eﬀective detuning δ′ = ng δ and decay rate κ ′ = κ+κ3LA,
where we have introduced,
ng = 1 +
(
2G/W
)2 (6)
κ3LA = (ng − 1) 
. (7)
Because ρEG is proportional to the linear susceptibility
(2), Equation (6) identiﬁesng = 101 as the eﬀective group
index of the 3LA, and Equation (7) shows the eﬀect of
residual absorption due to imperfect transparency, with
κ3LA  κ . Now the steady-state solution is just α =
η/(κ ′ − iδ′); viewed as a linear response function, there
is a complex pole δ∗ = 0 − iR/2 given by the solution of
κ ′ − ingδ∗ = 0. The parameter R gives the energy decay
rate at long times,
R = 2 κ
′
ng
. (8)
This shows the competition between residual absorption
in the 3LA, which increases the decay rate, and the group
index, which decreases it (3). This was studied experi-
mentally with inhomogeneously broadened atoms in (4).
For our parameters, the eﬀect of absorption is small and
the group index is large, so thatR ≈ (2κ/ng )  2κ . Thus
the cavity linewidth is narrowed and the photon lifetime
increased (5), each by a factor of approximately ng .
Figure 2 shows the simulated cavity ringdown cor-
responding to the spectrum in Figure 1. The increased
lifetime is immediately apparent when compared to the
case without the 3LA in Figure 2(a). In Figure 2(b) we
see an initial transient oscillation with the 3LA, which is
due to the excitation of the side modes when the cavity
probe is suddenly extinguished. This is reminiscent of the
Rabi oscillations observed with two-level atoms when the
probe power is abruptly changed (21). Here the oscilla-
tion frequency is∼ G instead of 2G, representing beating
between the central mode and the two side modes. These
transients decay at a rate of order (γ + κ)  R.
Given the narrowing of the cavity spectrum and the
increase in the lifetime, it is conventionally said that the
cavity quality factorQ increases by a factor of ng (10, 11).
However although the lifetime increases, the number of
round trips does not. In the next sections we will see
that the extended interaction time alone fails to improve
detection of a weakly coupled two-level test atom in two
exemplary cases.
3. Cavity ringdown detection
We now add to the system a single two-level atom (2LA),
which is weakly coupled to the cavity ﬁeld. The Hamilto-
nian becomes,
H += −δσee − g
(
σge a† + σ †ge a
)
, (9)
where 2g is the Rabi frequency for the 2LA and a single
photon. The ground and excited states of the atom, |g〉
and |e〉, can be the same as the corresponding states of the
3LA, as long as the 2LA is not exposed to the EIT coupling
beam. If the transition is the same,we can assume the 2LA
is located at a low-intensity point of the cavity mode,
where g  G, so that it does not strongly modify the
spectrum described above. The equation of motion for α
becomes,
α˙ = η − (κ − iδ) α + iGρEG + igρeg , (10)
where ρeg = 〈σge〉 is obtained from the free-space ex-
pression as,
ρeg = −gα δ − iγ
δ2 + γ 2 . (11)
We have restricted ourselves again to ﬁrst order in α
in Equation (11). Continuing as before, we obtain the
ringdown rate,
R = 2 κ
′ + g2/γ
ng − g2/γ 2 . (12)
The term proportional to g2 in the numerator reﬂects the
added absorption due to the 2LA. In analogy with the
above we could deﬁne κ2LA = Cκ , where C = g2/(κγ )
is the cooperativity. The negative term proportional to
g2 in the denominator describes the small, anomalous
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(a) (b)
Figure 1. Cavity spectrumwith EIT. The normalized cavity photon number is plotted as a function of probe detuning. The solid red curve
is the solution of the master equation, the dashed blue curve is the approximation from Equations (3) and (4), and the grey curve is for
the empty cavity. The parameters were (G,W , κ , γ ) = 2π × (100, 20, 10, 3)MHz, η = κ/1000, and
 = γ /1000, as defined in the text.
(a) full spectrum across all three normal modes. (b) central feature due to EIT.
(a) (b)
Figure 2. Cavity ringdown with EIT. All parameters are the same as in Figure 1, with δ = 0 and η → 0 at time t = 0. The red curve is the
full solution of the master equation, the blue dashed curve is an exponential decay with rate given by Equation (8), and the grey curve is
for an empty cavity. (a) Full ringdown trace (note the logarithmic scale). (b) Transient oscillation for early times.
dispersion of the 2LA (22, 23). This term is neglected
in conventional CRD measurements (1), where κ 
γ , but plays an observable role for the parameters we
consider here. Finally, we deﬁne a ﬁgure ofmerit for CRD
detection of the 2LA by considering the relative eﬀect of
C on the decay rate,
FOM ≡ R(C) − R(0)
R(0)
. (13)
For C  1, we expect FOM ∝ C.
Figure 3 shows FOM for the 2LAwith and without the
slow light eﬀect. It is clear that the 3LA actually reduces
the ﬁgure of merit (red circles) compared to the case with
only the 2LA (blue triangles). The slow light results obey
FOM ≈ C, as one would have for a conventional CRD
measurement with ng = 1 and κ  γ . Without the 3LA,
the negative group index of the 2LA plays a signiﬁcant
role, although one which is overestimated by Equation
(12). We ﬁnd that this prediction always improves when
γ  R/2, whether ng is large or not, which we attribute
to the limitations of the ﬁrst-order Taylor expansion of
ρge around δ = 0. When the cavity linewidth exceeds γ ,
higher-order terms in the dispersion temper the super-
luminal eﬀect. Viewed in the time domain, if the excited
state lifetime is not short compared to the cavity lifetime,
then 〈σee〉 acts as a slowly decaying source of light for the
cavity which creates a bottleneck in the ringdown. In any
event, the numerical simulations make it clear that slow
light extends the time scale of the CRD measurement
without improving its sensitivity. This holds true for all
of the combinations of parameters we have tested, with
large group indices and small residual absorption.
To summarize, cavity ringdown measurements fail to
improve with the addition of material slow light.3 Such
measurements beneﬁt from the number of round trips
JOURNAL OF MODERN OPTICS 727
Figure 3. Figure of merit for cavity ringdown, as a function of 2LA
cooperativity. Red circles/blue triangles show FOM from Equation
(13) obtained from numerical simulations with/without the 3LA
slow light, where simulated CRD signals were fit to exponential
decays at long times, ignoring initial transients. The 3LA slow light
effect used the parameters of Figures 1 and 2. Solid lines are the
predictions from Equation (12).
of light in the resonator, which increases the eﬀective
absorption length of the medium. Although the cavity
Q-factor increases with large ng , the number of round
trips – inversely proportional to the losses – does not.
As mentioned in the introduction, the cooperativity C is
independent of the group index for material slow light,
and C remains the essential parameter characterizing
cavity ringdown under these conditions. We show in the
next section that this still only tells a part of the story.
4. Purcell eﬀect
We now turn to the Purcell eﬀect, whereby direct laser
excitation of the two-level atom leads to scattering into
the cavity mode. We thus take η = 0 and add to the
Hamiltonian,
H += − 12w(σge + σ †ge), (14)
where w is the Rabi frequency of the driving laser. In the
absence of dispersion, the atom scatters into the cavity
mode with a rate equal to Cγ = g2/κ (9, 25). This can be
considered an application of Fermi’s golden rule, where
the factor of g2 represents the square of the transition
matrix element, and 1/κ is the density of photonic states.
Because this light populates a single cavity mode, Purcell
scattering can oﬀer an eﬃcient way to detect extremely
weak transitions, with an enhancement proportional to
the cavity Q-factor. If the cooperativity is unchanged in
the presence of material slow light, then we might expect
the same for the scattering rate. If so, the detection rate
will actually decrease, as the cavity emission rate becomes
2κ ′/ng .
Figure 4. Purcell effect with (red, narrow) and without (blue,
broad) slow light. The parameters were the same as in Figures 1
and 2, with g = 2π × 0.1 MHz and w = γ /1000. The scaling
factor, n0 = (wg)2/(2κγ )2, is the same for both curves.
The master equation for ρeg reads,
ρ˙eg = −(γ − iδ)ρeg + i(gα + 12w)(ρgg − ρee). (15)
If the two-level atom is far from saturation, ρgg ≈ 1 and
ρee ≈ 0. For zero detuning, and assuming κ−1α˙  1 and
(W/2)2  γ
,
ρ˙eg ≈ i w2 −
(
γ + g
2
κ ′
)
ρeg . (16)
This shows that the scattering rate, now g2/κ ′, is approx-
imately unchanged, in agreement with the notions that
Q → ngQ and g → g/√ng . Given the increased lifetime,
the in-cavity photon number should increase. Figure 4,
comparing in-cavity spectra for Purcell scattering with
and without the 3LA, shows that this is not the case.
Both spectra are normalized to the same number n0 =
(wg)2/(2κγ )2. The slow light narrows the Purcell spec-
trum without increasing the peak number of photons. If
the scattering rate has not changed, and the cavity lifetime
has increased, then why does the in-cavity number of
photons remain the same?
To understand how this happens, we neglect all decay
channels and focus on the Hamiltonian evolution. With
δ = 0 and w = 0, we treat the interaction term in Equa-
tion (9) as a perturbation to theHamiltonianH0 in Equa-
tion (1). We restrict ourselves to the subspace of states
with only a single excitation, {|0,G, e〉, |1,G, g〉, |0,E, g〉,
|0,D, g〉}, where numbers denote Fock states of the ﬁeld.
The eigenstates of H0 in this subspace include the two
side modes near ±G in Figure 1(a), and two degenerate
modes around zero – one is predominantly |0,D, g〉 with
a small admixture of |1,G, g〉, and represents the central
transparency feature, and the other is just |0,G, e〉, which
contributes no energy when g = 0. Applying degenerate
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perturbation theory, we ﬁnd the eigenstates and energies
to ﬁrst order in g/G. Then with |0,G, e〉 as the initial
condition, we calculate how the excitation of the 2LA is
transferred to the strongly coupled 3LA-cavity complex,
〈σee〉 ≈ cos2
(
gt√ng
)
(17)
〈a†a〉 ≈ 1ng sin2
(
gt√ng
)
(18)
〈σEE〉 ≈ 0 (19)
〈σDD〉 ≈
(
1 − 1ng
)
sin2
(
gt√ng
)
. (20)
We can now clarify some key aspects of the dynamics.
First, the excited state of the 2LA is most directly coupled
to the upper EIT state; only a small fraction (1/ng ) of
the initial excitation energy is taken up by the cavity ﬁeld.
Furthermore the Rabi frequency shows the expected g →
g/√ng behaviour. These two eﬀects are related to the
storage of energy in a macroscopic dielectric (7), which
can be expressed as a re-scaling of the electric ﬁeld E →
E/√ng (12). Finally, the extended cavity lifetime can be
attributed to the predominantly |0,D, g〉 nature of the
central spectral feature. The lifetime of this state, 1/(2
),
is much longer than the bare cavity lifetime, allowing the
3LA to act as a long-lived phase memory, as described
previously in the context of superradiant lasing (26).
Combining everything,we ﬁnd thatmaterial slow light
aﬀects Purcell scattering as follows. The coupling of the
2LA to the cavity ﬁeld is strongly reduced. The in-cavity
number of photons is approximately restored by the pro-
longed cavity lifetime. But the ﬂux of photons out of
the cavity is reduced again. As before, we conclude that
material slow light fails to improve the measurement.
5. Conclusion
We have considered the eﬀects of material slow light
when combined with measurements of cavity ringdown
and Purcell scattering. A simple model was introduced,
with dispersion provided by a single three-level atom
subject to electromagnetically induced transparency. Al-
though the slow light was shown to increase the quality
factor of the cavity, the light-matter cooperativity was
unchanged. As such the absorption and scattering from
the atom under test were not enhanced. With respect
to the Purcell eﬀect, slow light presented a signiﬁcant
detriment. This was traced back to the transfer of energy
to the weakly radiating state of the three-level atom, at
the expense of reduced excitation of the cavity ﬁeld.
We reiterate that these conclusions only apply to
material slow light. We expect that coupling atoms to
structural slow light in cavities and waveguides will ﬁnd
numerous applications along the lines of what we have
studied here (see, for example, (27 , 28) and references
therein). Furthermore there are other scenarios where
dispersion engineering, either material or structural, can
be advantageous. Structural slow light can be used to
enhance both absorption and gain (29, 30), and to im-
prove conventional phase interferometers (31), Fourier
transform interferometers (32), and grating spectrom-
eters (33). Anomalous dispersion may improve cavity-
based inertial sensors (34–36), and active sensors (i.e.
operating above the lasing threshold) can be enhanced
through a variety of fast- and slow-light schemes (26, 37–
40).
The single-atom dielectric, which we have considered
here for simplicity, can be realized in current state-of-the-
art experiments with cold atoms in high ﬁnesse micro-
cavities. Experiments on single-atom detection of rubid-
ium atoms have reached suﬃciently small cavity mode
volumes and low losses to achieve the cavity parame-
ters we have assumed (41–44). Rydberg state lifetimes
of 1000/(2γ ) have been measured for nD5/2 states of
rubidium atoms in a magneto-optical trap (45), provid-
ing realistic upper levels for the -EIT scheme. Alterna-
tively, -type level schemes (46, 47) could be employed
with qualitatively similar results. A cavity length of ∼
100 µm is suﬃcient to allow individual addressing of
the two atoms and to suppress Rydberg blockade eﬀects
(48, 49). Future work will involve extending the single-
atom model to include anomalous dispersion for zero
and negative group indices (12, 50).
Notes
1. What matters is that the lifetime of |D〉, including all
decay channels, is long. Including |D〉 → |G〉 decay
does not qualitatively change our results.
2. The computer code used to produce all of the ﬁgures
in this work is available online at https://arxiv.
org/abs/1705.01028.
3. One potential exception is if there is an intrinsic advan-
tage to slowing down the ringdown time scale, regard-
less of any eﬀects on the absorption. An example was
considered theoretically in (24).
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